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ABSTRACT 
An investigation of guided modes supported by an asymmetrical three layer metal-clad waveguide structure is 
presented. A left-handed material (LHM) guiding layer sandwiched between a metal substrate and a dielectric 
cladding is considered. The dispersion characteristics of TE and TM polarizations are analyzed. The effect of the 
metal layer and the LHM parameters as well as the mode order on the dispersion characteristics and on the power 
flow is discussed in details. The results reveal many interesting properties for possible applications in optical 
waveguide sensing.  
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1. INTRODUCTION   
Optical waveguide structures play an important role in the field of optoelectronics. Among these structures, the 
metal-clad waveguide has found many applications in the active devices of optical circuit technology [1-3]. The 
attenuation of these metal-clad structures is, in general, relatively high but the energy lost by absorption in the metal 
region of a three-layered waveguide can be reduced by the addition of a thin dielectric layer between the dielectric 
core and the metal cladding. One of the most recent applications of metal-clad waveguides is as an optical 
waveguide sensor [4-6]. Salamon et al. [7,8] suggested a technique called coupled plasmon-waveguide resonance, in 
which a metal layer is introduced between the substrate and the guiding layer. This structure has lead to an 
improvement in the optical sensitivity of optical waveguide sensors.  
The physical realization of materials with negative index of refraction was demonstrated recently for a novel class of 
engineered composite materials, now called left-handed materials (LHMs). Such materials have attracted attention 
not only due to their recent experimental realization and a number of unusual properties observed in experiment, but 
also due to the expanding debates on the use of a slab of a LHM. Pendry et al. analyzed principles of negative 
permittivity caused by metal strips array [9] and negative permeability caused by split-ring-resonators array [10]  in 
theory, then Shelby et al. experimentally verified negative refractive index effect in these structures [11]. Since then 
much attention has been drawn to this type of metamaterial [12-16]. The dispersion properties of symmetric [14] and 
asymmetric [15] slab waveguides with LHM guiding layer have been studied in details. A slab waveguide with an 
anisotropic LHM core whose permittivity tensor is partially negative has been analyzed and some properties of the 
guided modes have been investigated [16].  
The aim of the present work is to study analytically the propagation of electromagnetic waves in a metal-clad 
waveguide structure. A lossy LHM slab as a guiding layer is sandwiched between a semi-infinite metal as a 
substrate and a semi-infinite dielectric cladding. The dispersion relation is derived for both TE and TM waves. The 
power in each layer is presented. The effect of the metal layer and the LHM parameters on the propagation 
characteristics is examined in details.  
 
2.  MATHEMATICAL ANALYSIS   
Geometry and notations for an asymmetric metal-clad waveguide structure under consideration is shown in Fig.1. 
We assume a guiding layer made of a LHM occupies the region 0 < z < h and bounded by a cladding and a metal 
substrate.   
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Figure 1. An asymmetric metal-clad waveguide with a LHM guiding layer. 
 
The stationary solutions of the TE wave equation have the form Ey(z)exp(ikxx − ωt), where the amplitude Ey(z) is 
real, kx is the propagation constant along the longitudinal direction and ω is the frequency of the wave. Using this 
form of the stationary solution, Maxwell’s equations can be written as  
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where k0 is the free space wave number, i = m, g, or c indicating the metal, guiding layer or cladding, and kx = k0 N 
with N is the modal index of the propagating mode.  
In a similar manner, for TM we have 
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The solution of Eq. (1) in the three-layer structure is given by  
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Matching the tangential electric and magnetic fields at z = 0 and z = h, the dispersion relation for TE modes is 
obtained   
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 where m1 = 0, 1, 2, … is the mode order. 
 
Similarly for TM modes, Hy is also given by  
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If the nonzero electric field components are calculated using 
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boundary condition are applied, the dispersion relation for TM modes is obtained as  
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When the propagation constant kx exceeds a critical value, kz,g becomes purely imaginary. In this case, we let kz,g = iα 
and the dispersion relation becomes 
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for TE modes and   
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for TM modes.  
 
It is very important to study the effect of the negative parameters on the power associated with the propagating mode 
in each layer. The energy flux per unit length for TE modes is given by 
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From which the following results can be obtained  
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In a similar manner, the energy flux per unit length for TM modes is given by 
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3.  RESULTS AND DISCUSSION  
The dispersion relations for TE and TM are solved numerically to find the modal wave index N of the guided mode. 
We consider the cladding to be air of εc = 1 and μc = 1 and the guiding layer to be a LHM with negative εg and μg. 
Lossless LHM only represents an ideal case which cannot be realized in the present designs. Therefore, in the 
present work we treat LHMs with εg and μg having the form irg i   and irg i   with εr and μr are 
both negative. The metal is assumed to be silver with εm = -16+0.52i, and μm = 1. To investigate the behavior of the 
modal index and the power propagating into the waveguide structure under consideration, the thickness of the 
guiding layer is changed from 60 - 600 nm and these parameters are calculated and plotted with the thickness of the 
guiding layer for different εg and μg. 
The variation of the modal index of silver-clad left-handed waveguide with the thickness of the guiding layer is 
presented in Fig. 2 and Fig. 3 for TE and TM guided modes, respectively. From these figures, we observe that the 
fundamental mode (m = 0) does not exist in the metal clad waveguide structure with LHM guiding layer. Higher 
modes (m > 0) exist and have many remarkable features. With the increase of the guiding layer thickness, the modal 
index of the modes (m = 1, 2, 3, …) increases and saturates at a specific value of the thickness. The thickness at 
which the modal index saturates is essentially dependent on the mode order. As the mode order increases this 
thickness noticeably increases. Moreover, the two figures reveal a substantial dependence of the modal index on the 
mode order. For a given thickness, the higher the mode order is the lower the modal index. The first mode (m = 1) 
behaves differently from these modes. The modal index decays with increasing the guiding layer thickness for TE1 
mode. Mode degeneracy appears in the silver-clad left-handed waveguide for TM1 mode. Two different thicknesses 
correspond to the same modal index as seen in the inset of Fig. 3.          
To investigate the effect of the guided light polarization on the modal index, a comparison between TE and TM 
modes is shown in Fig. 4. It is clear that for the same modal index a thicker LHM guiding layer is needed to support 
TM polarized guided wave.    
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Figure 2. The modal index for TE guided modes of silver-clad left-handed waveguide when λ = 632.8 nm, εc = 1, μc 
= 1, εg = -3.7+0.001i, μg = -7.5+0.001i, εm = -16+0.52i, and μm = 1. 
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Figure 3. The modal  index for TM guided modes of silver-clad left-handed waveguide when λ = 632.8 nm, εc = 1, μc 
= 1, εg = -3.7+0.001i, μg = -7.5+0.001i, εm = -16+0.52i, and μm = 1. 
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Figure 4. Comparison between TE and TM guided modes of silver-clad left-handed waveguide when λ = 632.8 nm, 
εc = 1, μc = 1, εg = -3.7+0.001i, μg = -7.5+0.001i, εm = -16+0.52i, and μm = 1. 
 
A comparison between guided modes of silver-clad and gold-clad left-handed waveguide for both TE2 and TM2 
modes is shown in Fig. 5. The effect of the metal layer on the modal index is not worth mentioning. As can be seen 
from the insets of the figure, a very slim decrease in the modal index occurs when the silver layer is replaced by gold 
one. Thus, the metal layer does not have a considerable effect when operating the proposed metal-clad waveguide in 
the guided mode configuration. However, the metal layer has a major effect when operating the structure in the 
reflection mode.  In such a mode the waveguide is illuminated from below and we measure the reflectance from the 
waveguide as a function of the angle of incidence (θ0). The reflectance from a layered structure can be calculated 
using Fresnel's reflection coefficients. For TE-mode, the reflectance from three-layer structure is given by  
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where rij is the reflection coefficient amplitude between layers i and j.   
 
Figure 6 shows the reflectance as a function of the angle of incidence for TE wave reflected from silver-clad and 
gold-clad waveguide. The curves show a reflectance dip at which the reflectance minimizes. These dips are of high 
importance for optical waveguide sensors operated in reflected mode [17]. The position of the dip is crucially 
dependent on the metal layer. In the silver-clad structure, the dip occurs at θ0 = 64.8
0
 whereas in the gold-clad 
structure it occurs at θ0 = 76.2
0
.     
 
IJRRAS 13 (1) ● October 2012 Taya & Elwasife ● Guided Modes in a Metal-Clad Waveguide 
 
 
 
7 
 
0 100 200 300 400 500 600
2
3
4
5
77 84
2.4
3.2
140 150
3.6
TM
2
 
 
N
h (nm)
 Silver-clad
 Gold-clad
TE
2
 
 
 
 
 
Figure 5. Comparison between guided modes of silver-clad and gold-clad left-handed waveguide for both TE2 and 
TM2 modes when λ = 632.8 nm, εc = 1, μc = 1, εg = -3.7+0.001i, μg = -7.5+0.001i, εm = -16+0.52i (silver), εm = -
10.2+0.96i (gold) and μm = 1. 
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Figure 6. Reflectance as a function of the angle of incidence for TE wave reflected from silver-clad and gold-clad 
waveguide when λ = 632.8 nm, εc = 1, μc = 1, εg = -3.7+0.001i, μg = -7.5+0.001i, εm = -16+0.52i (silver), εm = -
10.2+0.96i (gold) and μm = 1. 
 
It is very important when proposing a waveguide structure comprising a LHM layer to study the effect of the 
negative parameters of the LHM on the modal index of the guided mode. The modal index as a function of guiding 
layer thickness is shown in Fig. 7 for different values of the LHM permittivity for TE2 mode and in Fig. 8 for TM2 
mode. In a similar manner, it is shown for different values of the LHM permeability for TE2 and TM2 modes in Fig. 
9 and Fig. 10, respectively. The features that can be extracted from the figures is that for a given guiding layer 
thickness, the modal index of TE and TM modes is enhanced when the absolute value of the real part of the LHM 
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permittivity increases. The situation doesn't change when the absolute value of the real part of LHM permeability 
increases. For a given guiding layer thickness, the modal index of TE and TM modes is enhanced when either 
|Re(εg)| or |Re(μg)| increases.  
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Figure 7. The modal index for TE guided modes of silver-clad left-handed waveguide for different values of εg when 
λ = 632.8 nm, εc = 1, μc = 1, μg = -7.5+0.001i, εm = -16+0.52i, and μm = 1. 
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Figure 8. The modal index for TM guided modes of silver-clad left-handed waveguide for different values of εg when 
λ = 632.8 nm, εc = 1, μc = 1, μg = -7.5+0.001i, εm = -16+0.52i, and μm = 1. 
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 Figure 9. The modal index for TE guided modes of silver-clad left-handed waveguide for different values of μg when 
λ = 632.8 nm, εc = 1, μc = 1, εg = -3.7+0.001i, εm = -16+0.52i, and μm = 1. 
 
100 200 300 400 500 600
2
3
4
5
 
 
TM
2
 
g
=-7.5+0.001i
 
g
=-6.5+0.001i
 
g
=-5.5+0.001i
N
h (nm)
 
Figure10. The modal index for TM guided modes of silver-clad left-handed waveguide for different values of μg 
when λ = 632.8 nm, εc = 1, μc = 1, εg = -3.7+0.001i, εm = -16+0.52i, and μm = 1. 
 
The power fraction flowing in each layer of a waveguide structure is considered one of the most determining criteria 
of the proper applications of the structure. When the power fraction of the guiding layer is high, this suggests 
applications requiring high wave confinement. On the other hand, when the cladding layer power is relatively high, 
we think about applications requiring large evanescent tail such as optical waveguide sensors operated in the guided 
mode configuration [18-25]. The sensing operation of such devices is performed by the evanescent tail of the modal 
field in the cover medium. The guided electromagnetic field of the waveguide mode extends as an evanescent field 
into the cladding and substrate media and senses a modal index of the guided mode. The modal index of the 
propagating mode depends on the structure parameters. As a result, any change in the refractive index of the 
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covering medium results in a change in the modal index of the guided mode. The basic sensing principle of the 
planar waveguide sensor is to measure the changes in the modal index due to changes in the refractive index of the 
covering medium.    
The power flowing in the guiding layer as a function of the guiding layer thickness for different values of the real 
part of the LHM permittivity is shown in Fig. 11. Increasing the thickness of the guiding layer enhances the power 
flowing in it. This is a well known behavior since increasing the thickness of the guiding improves the wave 
confinement. Moreover, power flowing in the guiding layer can be enhanced by increasing the absolute value of the 
real part of LHM permittivity as well.    
The dependence of the power flowing in the cladding layer on the guiding layer thickness for different values of the 
LHM permittivity is shown in Fig. 12 and for different values of the LHM permeability is shown in Fig. 13. The 
behavior of the power flowing in the cladding layer with the thickness is almost similar to its behavior in the 
conventional three layer waveguide structure [20-22]. The power flowing in the cladding has a sharp peak at a 
specific value of h, which we may recall the optimum value of h if the proposed metal-clad structure has been used 
as an optical waveguide sensor operated in the guided mode configuration. At this peak, the power flowing in the 
cladding layer and the sensitivity of the sensor are maximum.  This peak is shifted toward lower values of h with 
increasing the absolute value of the LHM permittivity or the LHM permeability as shown in Fig. 12 and Fig. 13, 
respectively. Increasing the absolute value of the real part of the LHM permeability has another significant impact 
on the power flowing in the cladding. It causes the peak to diminish, thus reducing the sensitivity of the sensor. At 
small values of h near the cut-off, the power approaches zero since most of the total power flows in the substrate and 
the fraction of power flowing in the clad vanishes. To the right of this peak, we can see that the power in the 
cladding layer decreases as the core thickness gets thicker due to the high confinement of wave within the core 
layer.  
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Figure 11. Power flowing in the guiding layer for TE guided modes of silver-clad left-handed waveguide for 
different values of εg when λ = 632.8 nm, εc = 1, μc = 1, μg = -7.5+0.001i, εm = -16+0.52i, and μm = 1. 
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Figure12. Power flowing in the cladding layer for TE guided modes of silver-clad left-handed waveguide for 
different values of εg when λ = 632.8 nm, εc = 1, μc = 1, μg = -7.5+0.001i, εm = -16+0.52i, and μm = 1. 
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Figure 13. Power flowing in the cladding layer for TE guided modes of silver-clad left-handed waveguide for 
different values of μg when λ = 632.8 nm, εc = 1, μc = 1, εg = -3.7+0.001i, εm = -16+0.52i, and μm = 1. 
 
4.   CONCLUSION  
Guided modes in an asymmetrical three layer metal-clad waveguide structure have been studied in details with a 
special focus on the effect of the metal layer and the LHM parameters on the dispersion characteristics and on the 
power flow. Many interesting features have been found. The fundamental mode does not exist in the proposed 
structure. The modal index of higher modes is essentially dependent on guiding layer thickness, the mode order, and 
the light polarization. The modal index is found to be enhanced when the absolute value of the real part of the LHM 
permittivity or permeability increases. A slight dependence of the modal index on the type of the metal used as a 
substrate has been observed when operating the proposed structure in the guided mode configuration whereas it has 
a major effect on the position of the reflectance dip when operating it in the reflection mode. The power flowing in 
the cladding is found to have a sharp peak at a specific value of the guiding layer thickness. The value of the power 
at this peak and the thickness at which it occurs are crucially dependent on the parameters of the LHM guiding layer.  
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